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^ ; 1 Introduction. 

> ■ 

CN ; We have obtained in previous works [CB-Ml], [CB-M2], [CB2] a proof of 

^ I the non hnear stabihty (i.e. future completeness for small initial data) of 

Einsteinian vacuum spacetimes with compact space sections and a spatial 
isometry group, in the case where the space is an bundle over a surface E 
O ■ of genus greater than one. We intend in this paper to extend this result to the 

i Einstein Maxwell Higgs system. Our previous result is proved by using the 

^1 fact that the 4 dimensional vacuum Einstein equations with a one parameter 

isometry group are essentially (i.e. up to a harmonic one form on E which we 
^ ■ chose to be zero) equivalent to an Einstein - wave map system on the quo- 

•T-j . tient 3 dimensional manifold, the Einstein equations being equivalent to a 

'. time dependent elliptic system on E coupled in the case of genus(E) > 1 with 

I ordinary differential equations governing the evolution of conformal classes 

of the time dependent metric of E. The appearance of a harmonic map gen- 
eralizing the Ernst equation in the stationary Einstein Maxwell system has 
been found by Kinnersley and Mazur (see [Ma]) who studied the associated 
invariance group. The reduction of the Einstein Maxwell system, with a 
spatial isometry group to a coupled Einstein wave map system on three 
dimensional space has been proved by Moncrief [Mol] in the case E = S"^, 
and for a class of Einstein Maxwell Higgs equations in the case E = T^. 
Though the notations and formalism used in these reductions were different 
from the one with which we obtained our global existence proof, it was likely, 
that the proof of future completeness obtained for the vacuum unpolarized 
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Einstein equations in [CB2] with E of genus greater than one will extend to 
the Einstein Maxwell Higgs system. 

It is known since the works of Kaluza and Klein that one can recover the 
Einstein Maxwell equations by considering a Lorentzian metric ^^^g on a five 
dimensional manifold V5 with a spacelike 1 - parameter isometry group Gi, 
writing the vacuum Einstein equations for (Vs/^^ g) and discarding a wave 
type equation for a scalar field taken to be constant. If one considers the full 
equations^ one finds them equivalent to the Einstein Maxwell equations with 
an additional scalar field which interacts with both gravitation and elec- 
tromagnetism. If the gravitational and electromagnetic fields as well as the 
additional scalar field are themselves invariant under another spatial isometry 
group, then the 5 dimensional metric ^^^g is invariant under a 2 - parameter 
abelian group G2 endowing V5 with a G2 fiber bundle structure with base 
a manifold V3. In this article we consider more generally a d dimensional 
manifold Vd with a Lorentzian metric ^'^^g which admits an m dimensional 
isometry group which endows it with a fiber bundle structure with base an 
n = d — m dimensional manifold Vn- We write the general Kaluza Klein 
formulas expressing the Ricci tensor of ^'^^g in terms of geometric elements 
defined on Vn, in the case of an abelian isometry group. We show that in the 
case n — 3 the vacuum Einstein equations in dimension d, Ricci{^'^^g) = 0, 
are (modulo the choice zero for d — m harmonic one forms) equivalent to a 
coupled Einstein wave map system on V3. It gives in particular by taking 
d = 5 the Einstein wave map system which is equivalent to the 4 dimensional 
Einstein equations with Maxwell - Higgs sources and isometry group. We 
finally sketch the extension to that system of the proof used for the non linear 
stability theorem [CB2] of the vacuum unpolarized 4 dimensional Einstein 
equations with isometry group. 

2 General Kaluza Klein equations. 

If the Lorentzian metric ^'^^g on the d manifold admits a d — n dimensional 
isometry group G^-n endowing with a fiber bundle structure with base the 
n manifold this metric ^^^g can be written as follows in a local trivialization 
of the bundle over an open set of Vn- 

^'^g^g + CmniO"" + amo- + (2.1) 

^See for instance [L]. 
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where g is a Lorcntzian metric on V^, a basis of invariant 1 forms on 

Gd-n, = (o.™) the representant on Vn of a Gd-n connection on V^, i.e. a 1 
form with values in Q, the Lie algebra of Gd-n, we denote hy F = [F"^) its 
curvature 2 form. In local coordinates on Vn we have: 

g = g^^dx^'dx'^, a'^ = aJ^dx'^. (2.2) 

We suppose that, as in the example given above, Ga-n is an abelian group 
then: 

F^da, i.e. F:^p^d^a^-dpa^ (2.3) 

and the gauge covariant derivatives on sections of vector bundles, associated 
with the principal fiber bundle with group Gd-n over (Ki,g'), coincide with 
the usual covariant derivatives in the metric g 

We recall the Kaluza-Klein form of the Ricci tensor of '^'^''g (see CB-DM 
II , V 13) and use it to write the vacuum Einstein equations on (V^,*^'^^ g). 

We set: 

(detO^=:e^, hence r"5«C„ = 29„X, (2.4) 

then the general Kaluza Klein formulas give the following system, all quan- 
tities being fields on V„ with greek indices raised with g and latin indices 
m, n, ... with ^ : 

^'^R^p = R^p- Y^dpX + + \Fm,.^F^x = (2.5) 

^'^Ra^ ^ -^Y,[F_^e^] = (2.6) 

(2.7) 

We see that the equations ^'^^Rmn = are a quasidiagonal semilinear 
sytem of wave equations for the field ^ = ( ■Cmn)' they are first order in the 
derivatives of the other unknowns g and a. 

The equations '^^^Ram = look hke Maxwell type equations for F, with a 
weight e^. 

The equations ^'^^Ra/3 = look like Einstein equations with source the 
Maxwell and scalar fields, except for the appearance of second derivatives of 
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X. The combination of these equations with the system '^'''^Rmn — takes 
the form of usual Einstein equations with sources by introduction of a metric 
g conformal to g. We will perform the explicit computation in the case of 
interest to us, n = 3, which permit the introduction of twist potentials to 
solve the Maxwell type equations. 

3 Case n=3. 

3.1 Twist potentials, definition. 

The equations 2.6 are equivalent to 

dE„, = with E,n =: *[F^e^] (3.1) 

with * the adjoint operator on forms in the metric g. When n = 3 the adjoint 
Em of the 2 form Em is a 1 form. The general solution of 2.6 is then: 

Em = duJm + Hm (3-2) 

with an arbitrary scalar function on V3, called a twist potential, and Hm 
a representant of a 1 cohomology class. We consider the class of solutions 
such that — 0. 

3.2 Associated tensors. 

The inversion of the defining equations for Em gives 

Em = e-^'^Em = e-''*{dujm) (3.3) 
that is with 7] the volume form of g: 

= IL(3x''~''9''d^''m heuce F-^ = !Lpx^~''9^'C''dxu;n. (3.4) 

Lemma 3.1 The following identities hold (underlining means that greek in- 
dices are raised with g""^) : 

Em,a^Fn,f3X = e~^^ [g^^dxUJmd^Un - d^UrndpUn] (3.5) 

F^^'^F- = 2e-^T''dxu;mdW (3.6) 

Proof. The first identity is obtained for instance by a computation in 
orthonormal frame, the second results by contraction on the 3 manifold V3. 
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3.3 Equations. 

The 2 forms F"^ being the differentials of the 1 forms are necessarily 
closed, hence the functions cUm must satisfy the equations 

d[*e-T"dw^] = (3.7) 

equivalently the functions cUm niust satisfy the following semilinear wave 
equations on {V3,g) : 

V"[e-^r"5a^m] = 0, . (3.8) 

4 Conformal metric. 

We introduce on V3 the conformal metric 

~g^^ =: e'"" g^^, hence = e^V^. (4.1) 

A simple calculation shows that the divergence of covariant vectors v are 
linked by the identity 

V^jf = e'^^iVaV" - v^'d^X), if = e^^v'^. (4.2) 

In particular the wave operators in the metrics g and g are linked by the 
identity 

V^5" = e^^VcC?" - d'^Xda. (4.3) 

4.1 Scalar equations. 

We deduce from 2.7 that 

g2X ~ 1 

where F^^^pF^^ is given by 3.5. 

These equations and X — log(det^)^/^ imply by a simple computation 
that: 

r^'^'^Rmn ^ -e'^'Vxd'X + = 0, (4.5) 



5 



that is, using 3.6: 

Vxd'X - ^e-'T^'dxoOmd^oUn = 0. (4.6) 

For simplicity of proofs we will sometimes introduce the scalar function X = 
log(det^)^/^ as an auxihary unknown. The equations 4.4 and 4.6 will imply 
that 

X = ^logdet^ (4.7) 
if this property and its first time derivative are satisfied initially. 

4.2 Twist potentials equations. 

We have the identities: 

V°[e-^r"9„u;J = e^^{V"[e-^r"9„a;m] - 9-X(e-^r"9«u;„)]} (4.8) 

(4.9) 

The equations 3.8 for the twist potentials are therefore: 

V'^d^up + e^^rr" - 2r"9"X]9„u;^ = O (4.10) 

that is 

V^^d^u, - r^'id^Lp + 29"X)9„a;^ = (4.11) 

4.3 Einstein equations on V3. 

On the 3 dimensional manifold V3 it holds that (see CB-DM I p351): 

R^^ = R^fs + Y^dpX - daXdpX + g^^iY^dxX + d^XdxX) (4.12) 

We deduce from 2.5 and 4.12 that the term VqS^X disappears from 
We find that: 

^'^R^p = R^p + -^daUndpC" - If^/F^x - daXdfsX + ~gapV'd,X (4.13) 
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and we deduce from 4.5 that the combination ^'^^RajS + e '^'^ QajiC^^^'^^ Rmn — 
reduces to the following Einstein equations on (V3, g) : 

Ra/3 = Pa/3 (4.14) 

with, using 3.5: 

1 

Pa/3 = -|9aC„9^r" + daXdpX + -^^-^^ d^U^d^Ur,. (4.15) 

Theorem 4.1 The equations 4-14 ^he Einstein equations on iV^^g) with 
source a mapping u : (T^,^) — > {R^,G) by (x°) i— > (X, ^^^,a;^), where G is 
the riemannian metric: 

G ^ {dXf + \rTdUnd^^, + ie-^^r'^dc^^rfu;,. (4.16) 

Proof. The stress energy tensor of the mapping u — {X,^,u;) is by 
definition ^ 

Tap =■■ daU.dpu - -gapdxu.d^u (4.17) 

where a dot denotes a scalar product in the metric G. The corresponding 
right hand side for Rap is 

Pa/3 = daU.dpU (4.18) 

The identity of this p^^ with 4.15 results from the definition of G. m 

5 Einstein wave map system. 

The Bianchi identities satisfied by the Ricci tensor of g together with the 
equations 4.14 imply that the stress energy tensor Tap of the mapping u 
satisfies the conservation law VaT""^ — 0. For any map between pseudo 
riemannian manifolds it holds that 

Vaf''^ = V'^daU.d^u. (5.1) 

where V da is the wave map operator. It is straightforward to check that for 
the considered p^^, as foreseen due to the consistency of the original vacuum 
equations, the vector VaT"^ takes the form of the scalar product of d^^u with 
the semilinear wave operators found before for X, ^ and uj. 

We have proved the following theorem, where "essentially" means "with 
the choice = of harmonic 1 forms appearing in 3.2": 
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Theorem 5.1 The class of d dimensional vacuum Einstein equations Ricci{^'^g) — 

with a d — 3 dimensional spacelike abelian isometry group are essentially 
equivalent to Einstein equations for a lorentzain metric g on with source 
a wave map u : {Vs,g) — >■ {R^,G), that is to the system 

Rap = daU.dpU, Va&^U = 0, (5.2) 

with a dot the scalar product in G and V the covariant derivative^ associated 
with u. 

6 Einstein Maxwell Higgs equations. 

We return to the case d = 5, Einstein-Maxwell-scalar equations, to give the 
physical interpretation of the metric ^ wich is now on R^ . In the Kaluza - 
Klein formulation the spacetime is a Lorentzian manifold (^5/^-* g) with a 
fiber bundle structure induced by a spacelike Killing vector field djdx^ and 
with base a 4 manifold V4. The metric can be written: 

^^g=-S'^ g^e^^dx^^Bf. (6.1) 

with ^^^g a Lorentzian metric, B a locally defined 1 form and a scalar field all 
defined on V4, the vacuum Einstein equations for (Vs,*-^-* g^ imply the Einstein 
Maxwell equations on (V4,*-^-' g^ with electromagnetic potential B coupled 
with the scalar field 0. Suppose that the gravitational and electromagnetic 
fields as well as the additional scalar field are invariant under another 1 
- parameter group endowing V4 with a fiber bundle structure, with 
Killing vector field d/dx^ and base a 3 dimensional manifold V3 with local 
coordinates a;°, a = 0, 1, 2. This hypothesis is equivalent to the independence 
of 4> and B = B_+B^dx^ on a;^, with B_ = Badx"', together with the possibility 
of writing g under the following form, all quantities defined on the quotient 
manifold V3, 

^'^^g = g + e^"'{dx^ + Af, g = g^^dx'^dx^ , A=:A^dx". (6.2) 

The hypotheses are equivalent to saying that the metric ^^''g admits a 2 
parameter al)eliari grou]) G2, as shown explicitly by the following lemma. 

^That is Vad/3U^ = dadpu"^ - T^pd^u^ + T^c^aU^ d^u'^ , with f and T connection 
coefficients respectively of the metrics g and G. 
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Lemma 6.1 The metric 

(5)^ =: ^ + e'\dx'' + Af + e^'l'{dx^ + B + B^dx^f (6.3) 

reads as a metric on V5 with an abelian G2 isometry group, namely, setting 
a —: Qadx", b — badx" : 

(5)^ = g + i,,{dx^ + + 2i,^{dx^ + a){dx^ + b) + U{dx^ + hf (6.4) 

with ^ 



and 



e'^-U. Bs^f^, e^- = ^^e33-^ (6.5) 

S44 S44 S44 

A^a, B^b + ^a (6.6) 

S44 



Proof. Straightforward calculation. ■ 

In the case where S3 = 0, that is when the electromagnetic potential 
vector is orthogonal to the Killing vector d/dx^, the field ^ reduces to: 

^44 = ^34 = 0, ^33 -e'^ X = 7 + 0. (6.7) 
and the metric G is given by^: 

G = {dXf + {dct>f + (^7)' + ^e-^(^+^)(rfc.4)' + Je-^(^+^)(^^3)'. (6.8) 



7 Cauchy problem. 
7.1 wave map equation 

The wave map equation is a semilinear wave equation on V3 when the metric 
g is known. 

^In the case of vacuum 4 dimensional Einstein equations with 1 spacelike isometry 
group = CJ4 = the metric G reduces to the metric of the Poincare plane used in 
previous articles. 
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7.2 Einstein equations. 



Einstein equations on a 3 manifold are essentially^ non dynamical, since the 
Riemann tensor is in that case equivalent to the Ricci tensor. To solve the 
Cauchy problem for the Einstein equations 5.2 one takes as usual V3 = E x i? 
and consider a 2+1 splitting of the metric g, with and u its lapse and shift, 
g a. t— dependent riemanian metric on S : 

g = -N^df + gabidx" + v''dt){dx^ + v^dt). 

We denote by k the extrinsic curvature of a surface = E x {i} embedded 
in (V3, ^), by T its mean extrinsic curvature. Then, with h a traceless tensor: 

1 - 1 

koh = -^dogab = hah + -QahT, T = g^^kab- 

7.2.1 Einstein constraints. 

Part of the Einstein equations are the constraints on each Ej, that is: 

R{g) - k.k + = \u'\'^ + g"-^dau.di,u, u' =: N-'^dou, (7.1) 



^bK - 9ar = u'.dau. (7.2) 
To solve these constraints one uses the conformal method, that is we set: 

gab = e^^aab (7.3) 

and we take as a gauge condition that r is a given function of t alone (CMC 
gauge). 

The constraints become on each E^, with covariant derivative, laplacian 
and norms in the metric at : 

• The equation linear in h, given a, u, ii 

Di,hl = La = -DaU.ii, ii =: e^^N'^doU 

One solves this system by setting h = q + r with h a TT (Transverse, 
Traceless) tensor, that is a solution of the homogeneous system 

DbQl = 0, q: = 0, (7.4) 

*We will see that they are non dynamical if and only if the surface S is topologically 
a sphere. 
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and r a conformal Lie derivative of a vector field Y, solution then of an 
elliptic system. 

• The nonlinear elliptic equation for A 

A.A = fix, A) ^ ^e^^ - ^p^e-^' + ^-ps, 
P2=\u\^ + \h 1^ p3 = R{a) - ID^I^ 
7.2.2 Equations for lapse and shift. 

The Einstein equation i?oo = Poo gives the following elliptic equation for N : 

A^N -aN^ -e'^^dtr (7.5) 

a^e-^\\h\l + \u\l) + e^'^ (7.6) 

A linear differential equation for u, depending on A, h, N and linearly 
on dt<7, results form the expression of k. This differential equation admits 
solutions only if its non homogeneous term is orthogonal to conformal 
Killing vector fields. 

When a, q and the mapping u are known on V3 the equations for r, A, N 
are an elliptic system on each E^. 

7.3 Hyperbolic-elliptic system, given a and q. 

When the family of metrics at and TT tensor qt are given, the wave map u 
and the metric coefficients A^, A, u in CMC gauge satisfy a coupled hyperbolic 
- elliptic system with auxiliary unknown r. The Bianchi identities show that 
the space part of Ricci{g) — p is a TT tensor on when this system is 
satisfied. 

7.4 TeichmuUer parameters (S compact). 

Prom now on we consider only the case of a compact E. 

When E is diffeomorphic to S"^ all the possible metrics at are conformal 
(up to diffeomorphisms) to the canonical metric, and there docs not exist on 
(E, a) any non identically zero TT tensor hence q = 0, and Ricci{g) — p — 
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as soon as constraints and lapse equations are satisfied. We can take as gauge 
condition, in addition to CMC, dta — 0. There are integrabifity conditions 
for the shift equation^. 

When E is a 2 torus, i.e. Genus(S) = 0, any metric cr on S admits two 
hnearly independent KiUing vector fields, and two hnearly independent TT 
tensors. A metric on E is conformal to a metric with zero scalar curvature, 
one can choose a such that R{(t) = 0. We do not treat this case. 

When G =:Genus(S) > 1, a metric on S is conformal to a metric with 
constant negative scalar curvature, one can choose a such that -R(cr) = — 1. 
The space of classes of conformally equivalent metrics on E, called Teich- 
muUer space T^ich, can be identified with M_i/Do, quotient of the space of 
metrics with R{(t) = — 1 by the group of diffeomorphisms homotopic to the 
identity. M^i^Teich is a trivial fiber bundle whose base can be endowed with 
the structure of the manifold R^'^~^. As a gauge condition we impose to the 
metric at to be in some chosen cross section Q — > ip{Q) of this fiber bundle. 
Let Q^,I — 1, ...,66* — 6 be coordinates in Teicfe, then di/j/dQ^ is a known 
tangent vector to M_i at ip{Q), that is a traceless symmetric 2-tensor field 
on E, sum of a TT tensor field Xi{Q) and Lie derivative of a vector field 
on CEjip^Q)). Solvability condition for the shift equation determines dQ/dt 
in terms of qt and conversely. One obtains an ordinary differential system 
for the evolution of Q by the orthogonality of Rab — Pab with the 6G-6 
dimensional vector space of TT tensors over E. 

7.5 Conclusion. 

We have to solve the coupled system: 

1. Elliptic equations on (E,(7t) with Ut — ip{Q{t)), with coefficients de- 
pending on u. 

2. ODE on R for Q{t) with coefficients depending on u and elliptic 
unknowns. 

3. Wave map system on (E x R,g), g determined by at and elliptic 
unknowns. 

Theorem 7.1 (local existence.) The Cauchy data on the compact orientable 
smooth surface E^^, genus(E) > 1 are: 
1. A C°° metric ctq and TT tensor qo- 

^See CB-M3. 
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2. Wave map initial data: Uq — u{to, .) e H2, iio = e'^^u'(to, .) G Hi. 

The 2+1 Einstein wave map system has a solution taking these Cauchy 
data and such thatu G C^{[tQ,T),H2)nC'^{[tQ,T),Hi), A, iV, i/ G CO([to, T), Wf)n 
C^{[to,T),Wl), l<p<2, N>0, if T-to is small enough. 

There is a corresponding Einteinian spacetime (V^/'^^ g) if the initial data 
satisfy the Chern integrability condition for the construction of A and B. 

8 Scheme for global existence 

We have chosen to work in CMC gauge: r is a time parameter which, in 
our conventions taken from MTW inceases from —00 to if the spacetime 
expands from a big-bang singularity to a moment of maximum expansion. 
To have notations more famihar to the analyst we choose as time parameter 
t — —T~^, then t increases from to > to infinity when expands from 
To < to zero. In the case where R{g) < the constraint 7.1 shows that this 
moment of maximum expansion cannot be attained. Existence on (to, 00) 
will result from a priori bounds of the norms appearing in local existence 
theorem. These a priori bounds result from energy estimates for the wave 
map and elliptic estimates, in particular for the confromal factor A which 
satisfies a non linear equation for which estimation depends crucially on 
the negative sign of R{a), i.e. by the Gauss Bonnet theorem the fact that 
Genus(S) > 1. The estimates involve also the uniform equivalence of at with 
(To. This requires decay in t of the "total energy" . This decay is a consequence 
of the expansion of the metric g(t, .) of S^, obtained when Genus(S) > 1, but 
its proof requires the introduction of corrected energies, as already in CB- 
M2. The proofs are essentially the same as in the vacuum case of CB2, at 
least for the Einstein - Maxwell Higgs system with ^3 = where the target 
metric takes a simple form. We sketch below the main steps that we use. 

9 First energy estimate. 

One defines the first energy not only as the energy of the wave map but by, 
with \.\g the point wise norm in the metrics g and G, 
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The Hamiltonian constraint 



-2 



r 



R{g) + -^\du\l + \uf + -\h\l 



together with the Gauss Bonnet formula (x the Euler Poincare constant) 

R{g)lJig = 47rx (9.1) 



'St 

give, without using wave map equation, that: 

dE{t) 



dt 



^rj^ N{\uf + \\h\])tJi^<Q. (9.2) 



We deduce from this equahty that E{t) is a non increasing function of t since 
r < 0, but we do not obtain its decay due to the absence of in the 

right hand side. 



10 First elliptic estimates. 

The definition of E{t) imphes 

||/.||^.(.)<e^^-E(t) 

while under hypothesis R{(t) = — 1 the maximum principle applied to ... 
implies 

g2A > 2r-2 (10.1) 
and, with the parameter choice r = — |, it implies, applied to ... 

< < 2. (10.2) 

Further elliptic estimates require bounds of du.du and du.u' in Wl{a), 
1 < p < 2, which are obtained in terms of the second energy of the wave 
map. 
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11 Second energy 

We denote by V and Sq covariant derivatives for mappings (E, g) or {R, dt^) 
into Set: 

E^'\t)^ [ {\A,u\' + \Vu'\')^^^ (11.1) 

=: E{t), el =: T-^Ei{t). (11.2) 

One finds after long computations using elliptic estimates applied to the 
constraints and lapse equations that: 

1 < ^|T|e^ < 1 + Ce,^(£ + £i), (11.3) 



0<2-N <CeA^^ + (11-4) 

where we denote by C^^e numbers depending only on a priori bound of s and 
El, and on the domain of a in Teich supposed to be compact. 

Using these bounds and the wave map (E xR,g) ^ (i?^, G) which reads 
in our notations: 

-N-^dodou + g^'^VaiNdbu) + Nu' = 0. (11.5) 

we find that: 

^^(i) f 

2rE(i) = r / N\Du'\^ fi^ + Z<Z (11.6) 

dt 

with: 

\Z\<C„,E{e + ei)\ (11.7) 



\Z\ < \rfC^,E{e + eif. (11.8) 

The inequalities 11.6 and 9.2, are not sufficient to prove the bound oi e + si 
and the fact that at projects on a fixed compact subset of Teich, the proof of 
this last property requires decay of £ + £i. 
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12 Corrected energies. 

To obtain the decay property one introduces corrected energies and exploit 
the negative (non definite) terms in the energies inequahties: 

E^(t) = E(t) -ar {u- u).u'ng (12.1) 



£;«(«) = £;<"(«) + or / A,«.«X (12.2) 
The use of eUiptic estimates leads to 

-^-kTE^<\r\C,^^{s + s,)\ (12.3) 

^ - (2 + ^)r£;W + |r|U,^(£ + 8,)^ (12.4) 

We denote by A^. the first positive eigenvalue of — and we prove that 
Ea + r~^£'i^^ is equivalent to the total energy £^ + el under the following 
conditions: 

a = l, k = l a A^>1 (12.5) 
4 o 

S + A^ ' if^-^ g- 

All these differential inequalities imply the inequalities: 

{e' + el){t) < r'M^ie' + el){to). (12.6) 
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13 Future complete existence (non linear sta- 
bility) 

Theorem 13.1 Let ((To,qo) G C°°(So) and (uq.Uq) G if2(So,cTo) xiJi(So,(To) 
he initial data on the compact manifold Sq, Genus^o) > 1, satisfying the 
Chern integrability condition. There exists a number rj > such that, if 
Etot{to) < V) 'the 4 dimensional Einstein Maxwell Higgs system with isom- 
etry group and electomagnetic field orthogonal to the Killing field have a 
solution on X X [to,oo), t = —t~^, with initial values determined by 
(To, qQ,UQ,uo- This space time is globally hyperbolic, future timelike and null 
complete. 

Proof. Using the differential equation satisfied by Q and the decay of 
the total energy proved using its a priori bound one obtains the inequality: 

\Qit)-Qito)\<M2ie'' + el)ito). (13.1) 

This inequality together with 12.6 give a bound of the total energy and of Q 
by a bootstrap argument if the initial total energy small enough. One deduces 
the existence of the solution on E x [to, oo), and the existence for an infinite 
proper time along the lines {x} x R after estimating the usual H2 norms in 
terms of the geometrically defined second energy. This estimate depends, as 
in the proof given in CB2, on the fact that the Riemann curvature of the 
target metric is negative. The special form of this metric plays also a role in 
the estimate of the second corrected energy. 

The global hyperbohcity and completeness is a particular case of a theo- 
rem proved in CB-Cotsakis. ■ 

We have not checked the corresponding properties for the general G given 
by 4.16, but we conjecture that the proof goes through in that general case. 
We thank V. Moncrief and T. Damour for pointing out in discussions at the 
Institut des Hautes Etudes Scientifiques in Bures sur Yvette that the metric 
C^^C''^d^^nd^pq on is the product of a fine by the Poincare plane. 
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